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ABSTRACT: The theory of Rayleigh light scattering by independent isotropic systems composed of anisotropic 
units developed by Nagai is extended according to the rotational isomeric state model. Calculations for the poly- 
methylene chain indicate that for molecules in the random-coil state in dilute solution the terms arising from the 
anisotropy of the units should be small in comparison to those arising from the scalar mean polarizability of the 
molecules. However, for molecules with a regular structure such as a helix or all-trans conformation the anisotro- 
py of the units must be taken into account. 

A theory of Rayleigh light scattering by independent 
isotropic systems composed of anisotropic units has been 
developed by Nagai.1 In this paper we take the system to 
be a chain molecule with n skeletal bonds and assign a 
vector l i  to each main-chain bond and a polarizability 
tensor ai to each unit of the chain composed of the skeletal 
bond and the preceding atom or group(s) attached to that 
atom.2 

The intensity of Rayleigh scattering in the forward di- 
rection depends on the quantities2 

where c% = (1/3)TrcrL is the scalar mean polarizability of 
the ith unit, 62 is the square of the molecular scalar mean 
polarizability, & = aL - &E3 is the anisotropy tensor of 
the ith unit, E3 is the identity matrix of order three, hLR 
and &tC are the row and column forms of a t ,  respectively, 
(72)  is the mean-squared optical anisotropy, and the angu- 
lar brackets denote an average over all configurations of 
the chain. 

If the intensity of Rayleigh scattering as a function of 
angle is expanded in a power series in the quantity p = 
4ir/X sin 012, where X is the wavelength of light in the 
scattering medium and 0 is the angle between the incident 
light and the scattered light in the scattering plane, then 
to terms of order p2 the intensity will also depend on the 
quantities1 (see Appendix) 

(3) 

(5)  

(Q5) = C ( ~ i j ~ h i & ' j ~ ~ j )  
i < j  

where 

T i j  = i 1 ,  
k = i + l  

is the vector from the ith unit to the j t h  unit and the su- 
perscript T denotes the transpose. 

For a random flight chain, all the above five invariants 
are zero, except the first. Nagai has evaluated these aver- 
ages for the Porod-Kratky chain mode1.l In this paper we 
evaluate the above quantities according to the rotational 
isomeric state model2 and carry out calculations for the 
polymethylene chain. 

Theoretical 
A Cartesian coordinate system is chosen for each unit 

with the x L  axis along the ith skeletal bond, the zi axis 
perpendicular to the plane defined by bonds i and i - 1, 
and the yi axis chosen to complete a right-handed coordi- 
nate system. A vector expressed in the frame of reference 
of bond i + 1 can be transformed into the coordinate sys- 
tem of bond i by the orthogonal matrix 

1 sin 0 0 
T i  = sin 0 cos cp -cos 0 cos cp sin cp (8) ['"" sin 0 e sin cp -cos 0 sin cp -cos cp 

where 0i is the angle between vectors 11+1 and li (the sup- 
plement of the normal valence angle) and cpi is the angle 
of rotation of bond i + 1 around bond i relative to bond i 
- 1, measured from the trans state for which cp = 0". 

The quantity of 6 2  depends only on the scalars bi and 
6 j  so that no averaging is required. The evaluation of the 
mean-squared optical anisotropy has been developed else- 
where,3 but is reproduced here for illustration before pro- 
ceeding to the more complex averages. 
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Initially a particular configuration is considered, so that 
all Ti's are specified. The sum is arranged so that the fac- 
tors in each elemenit of the sum are ordered with respect 
to the indices, and all the vectors and tensors are ex- 
pressed in a common frame of reference. 

i < j  

where hi2 = &iR&C, (T x T )  is the self-direct product of T, 
and (T x T)i( j - i )  denotes the serial product commencing 
with (T x T ) i  and comprising j - i factors. The above 
sum can be executed by serial multiplication of mat rice^.^ 

w h e r e  

Pi = 

Y 2 = cli*P,'"'cll 

Cif* = (1 0 . . . . 0) 

1 2bR(T X T) (3/2)a2 

0 ( T X  T )  (3/2)'hC 

0 0  1 

Cli = col(0 0 . . , . 0 1) 

i 

In order to obtain the averaged quantity (r2), the con- 
figuration partition function Z must be obtained.2 

2 = J*Ul'"'J (14) 

(1 5) 

where the U are statistical weight matrices, and 

J* = (1 0 * . . . 0) 

J = col(1 1 . . . . . 1) (16) 
The order of U and hence J* and J is determined by the 
number of rotational states for each bond. 

The mean-squared optical anisotropy (r2) is then given 
by4 

+ 2 )  = z-lj*@{n)j (1 7) 

Pi = [(U x E l i )  I IP 1 I I i  (18) 
IlP(I, denotes the pseudo-diagonal matrix consisting of "el- 
ements" P,( l), PL(2) ,  --.P,(v) for the respective rotation- 
al states 1 to v in diagonal array, E11 is the identity ma- 
trix of order eleven, and 

w h e r e  

A 

J *  = J* X Cil* (1 9) 

J = J X C i 1  (20) 
A 

The basic procedure outlined for the mean-squared op- 
tical anisotropy is followed for each of the more complex 
averages. The first sum Q 1  can be expressed as 

81 = C a i [  C 1,' + 2 C lhT(T)h(k'k)lk]zj 
i < j  i + l a k k a j  i+i S k < k  S j 

(21) 

~1 = C15*M1(n)C15 (22) 

This sum can be executed by serial multiplication of ma- 
trices 

where  

[l a 0 O O 1  
0 1 21T T l 2  12a 

i 0 0 0  

The average is given by 

where  A 

J * = J * X C  * 15 

Aii = [ (Vxq , ) I IMI l ] i  (26) 

(2 7) 
and 

8 = J X Ci5 

The procedure for obtaining the averaged quantity for all 
the other invariants is entirely analogous and will be 
omitted henceforth. 

For a chain composed of identical subunits, ( Q 1 )  reduc- 
es to n 2 f i i 2 ( s Z )  where (s2) is the mean-squared radius of 
gyration.1 

The quantity Q2 is given by 

Q2 = c E i [  ( l k T  x lhT)(T x T)h' . ' -h'  + 
i < j  i + i < h s k < j  

2 1hT(T)h(k-h)(E3 X lkT)(T X T)k'j-k']&jC 
i + k h < k s  j 

(2 8) 
The generator matrix N ,  is 

Ni = 

l a 0  0 0 

0 1 21TT (lT x lT) (Tx T) (1T x 1T)UC 

O O T  (E3 x IT)@ x T) (E3 x 1T)& 

0 0 0  (T x T) & 
0 0 0  0 1 - i 

(29) 
The evaluation of Q 3  is formally similar to that for Q2 

and the generator matrix R, is given by 

ai = 

0 0 

1 

0 0  
i 

(30) 
The quantity r,j2 is given by4 

y i j2  = C5*Gi+l'j-''C5 ( 3 1 )  
w h e r e  
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0 (T x T )  (E9 x lTT)(T x T x T )  (1  x E3)T (lT x E3 x 1)(T X T) ( I T  X E3 X 

0 0 (T x T x T) 0 

0 0  0 T 

(36) (1 X Eg)(T X T )  

(E3 x l T ) ( T  x T) 

(1  x E @ C  

(E3 x lT)CiC 

statistical weight matrix Vi takes the form 

Thus Q 4  can be expressed as 

[G x T x T]i+i( j - i - l ) [GC x & ' I j  (33) 

and the generator matrix Si as 

[GC x t i c ]  (34) 1 1 [c5*  x (&R(T x T))] 0 

0 [ G x T x T ]  

0 0  1 

(T x T)ith-i'(lhT x E3 x l h )  ' 

The final quantity Q5 is more complicated. It is given 
by 

85 =s&iR[ i + l S  h=k S J  

(T  x T )h ( j -h )  + (T  x T ) i ( h - i ) ( E 9  x l?)(T x 
i + l S h < k s j  

T X T)h(k-h)(lk X Eg) ' (T  x T)k(j-') + (T x 
i + l S k < h s j  

T ) i ' k - i ) ( lk  x E3)(T)k'h-k'(E3 x lhT)(T x T)h"-h)I&jC 

(35)  

and the generator matrix Wi by 

r; b R ( T X  T) 0 

where u = exp[-E,/RTj is the statistical weight of a 
gauche state and E, is the energy difference between the 
trans and gauche states. For successive rotations g*gT an 
additional energy E, is incurred due to steric overlap; (J = 
exp[- E,/RT] is the statistical weight associated with this' 
state. 

These calculations were used to establish the chain- 
length dependence of the five invariants and to investigate 
the characteristic signs and magnitudes of the quantities. 

The quantity 6 2  increases as n2 and (72 )  as n so that for 
long chains the mean-squared optical anisotropy becomes 
small relative to the squared scalar mean polarizability. 
The quantity (Q1) is proportional to n3 for long chains, 
(Qz) and ( Q 3 )  to n2, and (Q4) and (Qa) to n. Thus the last 
four invariants become small relative to (Q1) in the limit 
of long chains. When the above fact is considered in the 
light that the (Q) invariants become important only for 
long chains, it is realized that the last four invariants re- 
sult in a small correction to the already relatively insignif- 
icant (72)  term in the expression for the scattered intensi- 
ty. However, if the chains are not in the random coil state 
but adopt a regular repeating conformation such as a helix 
or an all-trans state, then all the ( Q )  invariants will be 
important for long chains. 

The quantity (Q1) for the model chain is given by 
n2dC2(s2) as noted above. Hence it must be positive. The 
other four invariants may be either positive or negative 
depending on the values of E, and E,. Also, for ( Q 2 )  and 
( Q S ) ,  the sign could be changed by letting A a  = -1 in- 
stead of 1. The relative magnitudes are in the order (&) 
> (Qz) > ( Q 3 )  > (Q4) > ( Q 5 ) .  

+ 

1 0 0 0 

0 i :  0 

Model Chain Calculations 
Preliminary calculations were carried out on a model 

chain composed of n identical units. A vector of unit 
length was assigned to each skeletal bond. A cylindrically 
symmetric polarizability tensor was chosen for each unit 
of the form 

with mean scalar polarizability bi = 1 and A a  = 1. 
A three state rotation model was adopted with the trans 

state at  & = 0" and two gauche states a t  & = *120". The 

0 (T  x T )  Cic 

0 0 1 

Polymethylene Calculations 
Calculations of the above five invariants were carried 

out using values of 8, 6, E,, lcc, dcc, ~ C H ,  Aacc, and 
A a c ~  determined previously.2.5 The supplement of the 
valence angle 8 was fixed a t  68" and the rotation angle for 
the gauche states set a t  120". The rotational state energies 
E,, and E, were taken to be 500 and 2500 cal mol-l, re- 
spectively. The carbon-carbon distance is 1.53 A. The 
scalar mean polarizabilities of the carbon-carbon and 
carbon-hydrogen bonds are bcC = 0.64 8, and ~ C H  = 0.65 
A. And the two bond anisotropies were taken to be Aacc 
= 0.95 A3 and AacH = 0.21 A3. 

(Q5)/n for polymethylene are plotted us. n in Figure 1. 
The values of (Qd/n3, (Q2)/n2,  (Q3)/n2,  (Qd/n,  and 
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II 

‘=j <Q+/n , 
0 1 

50 130 150 200 250 300 350 
n 

Figure 1. Plot of (Qd/ia3, (Qd/n2, (Qdln2, (Qdln,  and (Qdln us. 
n for the polymethylene chain, 

These results for pol.ymethylene confirm the general con- 
clusions reached for the model chain. 

Conclusions 
It should be remembered that the above calculations 

refer to the independent systems, and hence apply only in 
the limit of infinite dilution. At finite concentrations, cor- 
relations between the positions and orientations of pairs of 
molecules will alter the magnitudes and possibly even the 
signs of the quantities (Q)effective,  where “effective” de- 
notes the contribution per molecule a t  finite concentra- 
tions. However, for large molecules in the random-coil 
state and in the limit of infinite dilution, the contribu- 
tions to the intensity due to the terms that arise from the 
optical anisotropy of the units should become small in 
comparison to the terms that arise from the isotropic scat- 
tering. 
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Appendix 
In order to relate the invariants in eq 1-7 to the excess 

Rayleigh ratios ARvv, ARHV = ARvH, and AR”, we de- 
fine 

K = =  -(T) 16a4 x z  + 2 p 
A4 (39) 

where X is the wavelength of the incident light in a vacu- 
um, f i  is the refractive index of the medium, and p is the 
number density of scattering molecules; let the &i be 

taken as excess polarizability per unit; and assume that 
the solvent is isotropic so that the &i are the uncorrected 
molecular unit optical anisotropies. Then, to terms of 
order p2, the excess Rayleigh ratios a t  infinite dilution are 
given by1 

(45) 

1 
C - -[21(Qz) + 21(QJ -4(Q4) + 12(Qs)I (47) 5 -  210 

C - L[7(Qz) + 7(Q3) + 3(Q4) - 2(Q5)1 (48) 

Because of the number of variables and the complexity 
of these expressions, it is doubtful that all the (8) invari- 
ants could be determined directly from the scattered in- 
tensities. However, calculation of these quantities can in- 
dicate when they will contribute significantly to the scat- 
tering. 
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